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LOG CANONICAL DEGENERATIONS OF DEL PEZZO
SURFACES IN Q-GORENSTEIN FAMILIES
YURI PROKHOROV
Abstract. We classify del Pezzo surfaces of Picard number one with
log canonical singularities admitting Q-Gorenstein smoothings.
1. Introduction
Throughout this paper we work over the complex number field C. A
smoothing of a surface X is a flat family X → D over a unit disk 0 ∈ D ⊂ C
such that the fiber X0 is isomorphic to X and the general fiber is smooth.
In this situation X can be considered as a degeneration of a fiber Xt, 0 6=
t ∈ D. A smoothing is said to be Q-Gorenstein if so the total family X is.
Throughout this paper a del Pezzo surface means a normal projective surface
whose anticanonical divisor is Q-Cartier and ample. We study Q-Gorenstein
smoothings of del Pezzo surfaces with log canonical singularities. This is
interesting for applications to birational geometry and the minimal model
program (see e.g. [MP09], [Pro16]) as well as to moduli problems [KSB88],
[Hac04]. Smoothings of del Pezzo surfaces with log terminal singularities
were considered in [Man91], [HP10], [Pro15].
1.1.Theorem. Let X be a del Pezzo surface with only log canonical singular-
ities and ρ(X) = 1. Assume that X admits a Q-Gorenstein smoothing and
there exists at least one non-log terminal point (o ∈ X). Let η : Y → X be
the minimal resolution. Then there is a rational curve fibration ϕ : Y → T
over a smooth curve T such that a component C1 of the η-exceptional divisor
dominating T is unique, it is a section of ϕ, and its discrepancy equals −1.
Moreover, o is the only non-log terminal singularity and singularities of X
outside o are at worst Du Val of type A. The surface X and singular fibers
of ϕ are described in the table below.
All the cases except possibly for 3o with 5 ≤ n ≤ 8 and 4o with 5 ≤ n ≤ 10
occur.
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singularities
ρ(Y ) K2X singular condition
(o ∈ X) X \ {o} fibers of ϕ on n
1o Elln ∅ 2 n ∅ n ≤ 9
2o [n; [2]4] 4 A1 10 n− 2 4(I2) 3 ≤ n ≤ 6
3o [n, 2, 2; [2]4] 2 A1 10 n− 2 2(I2)(II) 3 ≤ n ≤ 8
4o [2, 2, n, 2, 2; [2]4] ∅ 10 n− 2 2(II) 3 ≤ n ≤ 10
5o [n; [3]3] 3 A2 11 n− 1 3(I3) 2, 3, 4
6o [n; [2], [4]2] A1, 2 A3 12 n− 1 (I2)2(I4) 2, 3
7o [2; [2], [3], [6]] A1, A2, A5 13 1 (I2)(I3)(I6)
For a precise description the surfaces that occur in our classification we refer
to Sect. 8.
To show the existence of Q-Gorenstein smoothings we use unobstruct-
edness of deformations (see Proposition 7.5) and local investigation of Q-
Gorenstein smoothability of log canonical singularities:
1.2. Theorem. Let (X ∋ P ) be a strictly log canonical surface singularity
of index I > 1 admitting a Q-Gorenstein smoothing. Then it belongs to one
of the following types:
I (X ∋ P ) condition µP −K
2
1• 2 [n1, . . . , ns; [2]
4]
∑
(ni − 3) ≤ 3 4−
∑
(ni − 3)
∑
(ni − 2)
2• 3 [n; [3], [3], [3]] n = 2, 3, 4 4− n n
3• 4 [n; [2], [4], [4]] n = 2, 3 3− n n + 1
4• 6 [2; [2], [3], [6]] 0 4
where µP is the Milnor fiber of the smoothing.
Q-Gorenstein smoothings exist in cases 2•, 3•, 4•, as well as in the case 1•
for singularities of types [n; [2]4] with n ≤ 6, [n1, . . . , ns; [2]
4] with
∑
(ni −
2) ≤ 2, [4, 3; [2]4], and [3, 3, 3; [2]4]. In all other cases the existence of Q-
Gorenstein smoothings is unknown.
Smoothability of log canonical singularities of index 1 were studied earlier
(see e.g. [LW86, Ex. 6.4], [Wah80, Corollary 5.12].
As a bi-product we construct essentially canonical threefold singularities
of index 5 and 6. We say that a canonical singularity (X ∋ o) is essen-
tially canonical if there exist a crepant divisor with center o. V. Shokurov
conjectured that essentially canonical singularities of given dimension have
bounded indices. This is well-known in dimension two: canonical surface
singularities are Du Val and their index equals 1. Shokurov’s conjecture
was proved in dimension three by M. Kawakita [Kaw15]. More precisely, he
proved that the index of an essentially canonical threefold singularity is at
most 6. The following theorem supplements Kawakita’s result.
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1.3.Theorem. For any 1 ≤ I ≤ 6 there exist a three-dimensional essentially
canonical singularity of index I.
In fact our result is new only for I = 5 and 6: [HT87] classified threefold
canonical hyperquotient singularities and among them there are examples
satisfying conditions of our theorem with I ≤ 4. Theorem 1.3 together with
[Kaw15] gives the following
1.4. Theorem. Let I be the set of indices of three-dimensional essentially
canonical singularities. Then
I = {1, 2, 3, 4, 5, 6}.
The paper is organized as follows. Sect. 2 is preliminary. In Sect. 3 we ob-
tain necessary conditions for Q-Gorenstein smoothability of two-dimensional
log canonical singularities. In Sect. 4 we construct examples of Q-Gorenstein
smoothings. Theorem 1.3 will be proved in Sect. 5. In Sect. 6 we collect
important results on del Pezzo surfaces admitting Q-Gorenstein smoothings.
The main birational construction for the proof of Theorem 1.1 is outlined in
Sect. 7. which will be considered in Sect. 8 and 9.
Acknowledgments. I thank Brendan Hassett whose questions encour-
aged me to write up my computations. The questions were asked during
Simons Symposia “Geometry Over Nonclosed Fields, 2016”. I am grateful
to the organizers of this activity for the invitation and creative atmosphere. I
also would like to thank the referee for careful reading and numerous helpful
comments and suggestions.
2. Log canonical singularities
For basic definitions and terminology of the minimal model program, we
refer to [KM98] or [Kol92].
2.1. Let (X ∋ o) be a log canonical surface singularity. The index of (X ∋ o)
is the smallest positive integer I such that IKX is Cartier. We say that
(X ∋ o) is strictly log canonical if it is log canonical but not log terminal.
2.2.Definition. A normal Gorenstein surface singularity is said to be simple
elliptic if the exceptional divisor of the minimal resolution is a smooth elliptic
curve. We say that a simple elliptic singularity is of type Elln if the self-
intersection of the exceptional divisor equals −n.
A normal Gorenstein surface singularity is called a cusp if the exceptional
divisor of the minimal resolution is a cycle of smooth rational curves or a
rational nodal curve.
2.3. We recall a notation on weighted graphs. Let (X ∋ o) be a rational
surface singularity, let η : Y → X be its minimal resolution, and let E =∑
Ei be the exceptional divisor. Let Γ = Γ(X, o) be the dual graph of (X ∋
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o), that is, Γ is a weighted graph whose vertices correspond to exceptional
prime divisors Ei and edges join vertices meeting each other. In the usual
way we attach to each vertex Ei the number −E
2
i . Typically, we omit 2 if
−E2i = 2.
If (X ∋ o) is a cyclic quotient singularity of type 1
r
(1, q), gcd(r, q) = 1,
then the graph Γ is a chain:
(2.3.1) ◦
n1
◦
n2
· · · ◦
nk
We denote it by [n1, . . . , nk] = 〈r, q〉. The numbers ni are determined by
the expression of r/q as a continued fraction [Bri68]. For positive integers
n, ri, qi, gcd(ri, qi) = 1, i = 1, . . . , s, the symbol
〈n; r1, . . . , rs; q1, . . . , qs〉
denotes the following graph
〈r2, q2〉 · · · 〈rs−1, qs−1〉
〈r1, q1〉 ◦
n
❏❏❏❏❏❏❏❏❏❏❏❏
qqqqqqqqqqqqqq
〈rs, qs〉
For short, we will omit qi’s:〈n; r1, . . . , rs〉. If 〈ri, qi〉 = [ni,1, ni,2, . . . ], then
we also denote
〈n; r1, . . . , rs; q1, . . . , qs〉 = [n; [n1,1, n1,2, . . . ], . . . , [ns,1, ns,2, . . . ]].
For example, 〈n; 3, 3, 3; 1, 1, 2〉 = [n; [3], [3], [2, 2]] is the graph:
3
◦
◦
3
◦
n
◦ ◦
The graph
◦ ◦
◦
n1
◆◆◆◆◆◆
♣♣
♣♣
♣♣
· · · ◦
ns
♣♣♣♣♣♣
◆◆
◆◆
◆◆
◦ ◦
will be denoted by [n1, . . . , ns; [2]
4].
2.4. Theorem ([Kaw88, §9]). Let (X ∋ o) be a strictly log canonical surface
singularity of index I. Then one of the following holds:
(i) I = 1 if and only if (X ∋ o) is either a simple elliptic singularity or
a cusp,
(ii) I = 2 if and only if Γ(X, o) is of type [n1, . . . , ns; [2]
4], s ≥ 1,
(iii) I = 3 if and only if Γ(X, o) is of type 〈n; 3, 3, 3〉,
(iv) I = 4 if and only if Γ(X, o) is of type 〈n; 2, 4, 4〉,
(v) I = 6 if and only if Γ(X, o) is of type 〈n; 2, 3, 6〉.
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2.4.1. Corollary. A strictly log canonical surface singularity is not rational
if and only if it is of index 1.
2.5. Let (X ∋ o) be a strictly log canonical surface singularity of index I, let
η : Y → X be its minimal resolution, and let E =
∑
Ei be the exceptional
divisor. Let us contract all the components of E with discrepancies > −1:
(2.5.1) η : Y
η˜
−→ X˜
σ
−→ X.
Let C˜ =
∑
C˜i := η˜∗E be the σ-exceptional divisor. Then the pair (X˜, C˜)
has only divisorial log terminal singularities (dlt) and the following relation
holds
KX˜ = σ
∗KX − C˜.
The extraction σ : X˜ → X is called the dlt modification of (X ∋ o).
2.5.2. Corollary (see [Kaw88, §9], [Kol92, §3], [KM98, §4.1], [Pro01, §6.1]).
In the above notation one of the following holds:
(i) I = 1, X˜ = Y is smooth, and (X ∋ o) is either a simple elliptic or
a cusp singularity;
(ii) I = 2, C˜ =
∑s
i=1 C˜i is a chain of smooth rational curves meeting
transversely at smooth points of X˜ so that C˜i · C˜i+1 = 1, and the
singular locus of X˜ consists of two Du Val points of type A1 lying on
C˜1 and two Du Val points of type A1 lying on C˜s (the case s = 1 is
also possible and then C˜ = C˜1 is a smooth rational curve containing
four Du Val points of type A1);
(iii) I = 3, 4, or 6, C˜ is a smooth rational curve, the pair (X˜, C˜) has
only purely log terminal singularities (plt), and the singular locus
of X˜ consists of three cyclic quotient singularities of types 1
ri
(1, qi),
gcd(ri, qi) = 1 with
∑
1/ri = 1. In this case I = lcm(r1, r2, r3).
2.6. Let (X ∋ o) be a log canonical singularity of index I (of arbitrary
dimension). Recall (see e.g. [KM98, Definition 5.19]) that the index one
cover of (X ∋ o) is a finite morphism π : X♯ → X , where
X♯ := Spec
(
I−1⊕
i=0
OX(−iKX)
)
.
Then X♯ is irreducible, o♯ = π−1(o) is one point, π is e´tale over X \Sing(X),
and KX♯ = π
∗KX is Cartier.
In this situation, (X♯ ∋ o♯) is a log canonical singularity of index 1. More-
over if (X ∋ o) is log terminal (resp. canonical, terminal), then so the
singularity (X♯ ∋ o♯) is.
2.6.1. Corollary. A strictly log canonical surface singularity of index I > 1
is a quotient of a simple elliptic or cusp singularity (X♯ ∋ o♯) by a cyclic
group µI of order I = 2, 3, 4 or 6 whose action on X
♯ \ {o♯} is free.
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2.7. Construction (see [Kaw88, Proof of Theorem 9.6]). Let (X ∋ o) be a
strictly log canonical surface singularity of index I > 1, let π : (X♯ ∋ o♯) →
(X ∋ o) be the index one cover, and let σ˜ : (X˜♯ ⊃ C˜♯) → (X♯ ∋ o♯) be the
minimal resolution. The action of µI lifts to X˜
♯ so that the induced action
on OX˜♯(KX˜♯ + C˜
♯) = σ˜∗OX♯(KX♯) and H
0(C˜♯,OC˜♯(KC˜♯)) is faithful. Let
(X˜ ⊃ C˜) := (X˜♯ ⊃ C˜♯)/µI . Thus we obtain the following diagram
(2.7.1)
X˜♯
π˜
//
σ˜

X˜
σ

X♯
π
// X
Here σ : (X˜ ⊃ C˜)→ (X ∋ o) is the dlt modification.
The following definition can be given in arbitrary dimension. For simplic-
ity we state it only for dimension two which is sufficient for our needs.
2.8. Adjunction. Let X be a normal surface and D be an effective Q-
divisor on X . Write D = C + B, where C is a reduced divisor on X , B is
effective, and C and B have no common component. Let ν : C ′ → C be the
normalization of C. One can construct an effective Q-divisor DiffC(B) on
C ′, called the different, as follows; see [Kol92, Chap. 16] or [Sho93, §3] for
details. Take a resolution of singularities f : X ′ → X such that the proper
transform C ′ of C on X ′ is also smooth. Clearly, C ′ is nothing but the
normalization of the curve C. Let B′ be the proper transform of B on X ′.
One can find an exceptional Q-divisor A on X ′ such that KX′+C
′+B′ ≡f A.
The different DiffC(B) is defined as the Q-divisor (B
′−A)|C′ . Then DiffC(B)
is effective and it satisfies the equality (adjunction formula)
(2.8.1) KC′ +DiffC(B) = ν
∗(KX + C +B)|C .
2.8.2. Theorem (Inversion of Adjunction [Sho93], [Kaw07]). The pair
(X,C + B) is lc (resp. plt) near C if and only if the pair (C ′,DiffC(B))
is lc (resp. klt).
2.8.3. Proposition. Let (X ∋ P ) be a surface singularity and let o ∈ C ⊂ X
be an effective reduced divisor such that the pair (X,C) is plt. Then (P ∈
C ⊂ X) is analytically isomorphic to(
0 ∈ {x1 − axis} ⊂ C
2
)
/µr(1, q), gcd(r, q) = 1.
In particular, C is smooth at P and DiffC(0) = (1− 1/r)P . The dual graph
of the minimal resolution of (X ∋ P ) is a chain (2.3.1) and the proper
transform of C is attached to one of its ends.
3. Q-Gorenstein smoothings of log canonical singularities
In this section we prove the classificational part of Theorem 1.2.
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3.1. Notation. Let (X ∋ P ) be a normal surface singularity, let η : Y → X
be the minimal resolution and let E =
∑
Ei be the exceptional divisor.
Write
(3.1.1) KY = η
∗KX −∆,
where ∆ is an effective Q-divisor with Supp(∆) = Supp(E). Thus one
can define the self-intersection K2(X,P ) := ∆
2 which is a well-defined natural
invariant. We usually write K2 instead of K2(X,P ) if no confusion is likely.
The value K2 is non-positive and it equals zero if and only if (X ∋ P ) is a
Du Val point.
• We denote by ςP the number of exceptional divisors over P .
3.2. Lemma. Let (X ∋ P ) be a normal surface singularity and let X → D
be its Q-Gorenstein smoothing. If (X ∋ P ) is log terminal, then the pair
(X, X) is plt and the singularity (X ∋ P ) is terminal.
If (X ∋ P ) is log canonical, then the pair (X, X) is lc and the singularity
(X ∋ P ) is isolated canonical.
Proof. By the higher-dimensional version of the inversion of adjunction (see
[KM98, Th. 5.50], [Kaw07] and Theorem 2.8.2) the singularity (X ∋ P ) is
log terminal (resp. log canonical) if and only if the pair (X, X) is plt (resp.
lc) at P . Since X is a Cartier divisor on X, the assertion follows. 
3.3. Lemma ([Kol91, Proposition 6.2.8]). Let (X ∋ P ) be a rational surface
singularity. If (X ∋ P ) admits a Q-Gorenstein smoothing, then K2 is an
integer.
3.4. Theorem ([KSB88, Proposition 3.10], [LW86, Proposition 5.9]). Let
(X ∋ P ) be a log terminal surface singularity. The following are equivalent:
(i) (X ∋ P ) admits a Q-Gorenstein smoothing,
(ii) K2 ∈ Z,
(iii) (X ∋ P ) is either Du Val or a cyclic quotient singularity of the form
1
m
(q1, q2) with
(q1 + q2)
2 ≡ 0 mod m, gcd(m, qi) = 1.
A log terminal singularity satisfying equivalent conditions above is called
a T-singularity.
3.4.1. Remark (see [KSB88]). It easily follows from (iii) that any non-Du
Val singularity of type T can be written in the form
1
dn2
(1, dna− 1)
Below we describe log canonical singularities with integral K2. Note how-
ever, that in general, the condition K2 ∈ Z is necessary but not sufficient for
the existence of Q-Gorenstein smoothing (cf. Theorem 1.2 and Proposition
3.5 (DV)).
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3.5. Proposition. Let (X ∋ P ) be a rational strictly log canonical sur-
face singularity. Then in the notation of Theorem 2.4 the invariant K2
is integral if and only if X is either of type [n1, . . . , ns; [2]
4] or of type
〈n; r1, r2, r3; ε, ε, ε〉, where (r1, r2, r3) = (3, 3, 3), (2, 4, 4) or (2, 3, 6) and ε = 1
or −1. Moreover, we have:
(DV) if X is of type [n1, . . . , ns; [2]
4] or 〈n; r1, r2, r3;−1,−1,−1〉, then
−K2 = n− 2,
where in the case [n1, . . . , ns; [2]
4], we put n :=
∑
(ni − 2) + 2;
(nDV) if X is of type 〈n; r1, r2, r3; 1, 1, 1〉, then
−K2 = n− 9 +
∑
ri.
For the proof we need the following lemma.
3.5.1. Lemma. Let V be a smooth surface and let C,E1, . . . , Em ⊂ V be
proper smooth rational curves on V whose configuration is a chain:
◦
C
◦
Em
· · · ◦
E1
Let D = C +
∑
αiEi be a Q-divisor such that (KV +D) · Ej = 0 for all j.
(i) If all the Ei’s are (−2)-curves, then D
2 − C2 = m/(m+ 1).
(ii) If m = 1 and E21 = −r, then D
2 − C2 = (r − 1)(3− r)/r.
Proof. Assume that E2i = −2 for all i. It is easy to check that D = C +∑m
i=1
i
m+1
Ei. Then
D2 − C2 =
2m
m+ 1
+
(
m∑
i=1
i
m+ 1
Ei
)2
=
=
2m
m+ 1
+
2
(m+ 1)2
(
−
m∑
i=1
i2 +
m−1∑
i=1
i(i+ 1)
)
=
m
m+ 1
.
Now let m = 1 and E21 = −r. Then D = C +
r−1
r
E1. Hence
D2 − C2 =
2(r − 1)
r
−
(r − 1)2
r
=
(r − 1)(3− r)
r
. 
Proof of Proposition 3.5. Let ∆ be as in (3.1.1) and let C := ⌊∆⌋. Write
∆ = C+
∑
∆i, where ∆i are effective connected Q-divisors. By Lemma 3.5.1
we have
δi :=
(
(C +∆i)
2 − C2
)
=
{
1− 1
ri
if ∆i is of type
1
ri
(1,−1),
4− ri −
3
ri
if ∆i is of type
1
ri
(1, 1).
Then
K2 =
(
C +
∑
∆i
)2
= C2 +
∑
δi.
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If (X ∋ P ) is of type [n1, . . . , ns, [2], [2], [2], [2]], then
K2 = C2 + 2 = −
∑
(ni − 2).
Assume that C is irreducible and (X ∋ P ) is of type 〈n; r1, r2, r3〉, where∑
1/ri = 1.
If all the Supp(∆i)’s are Du Val chains, then
K2 = C2 +
∑(
1− 1
ri
)
= −n + 2.
If (X ∋ P ) is of type 〈n; r1, r2, r3; 1, 1, 1〉, then
K2 = C2 +
∑(
4− ri −
3
ri
)
= −n + 9−
∑
ri.
It remains to consider the “mixed” case. Assume for example that (X ∋ P )
is of type 〈n; 3, 3, 3〉. Then δi ∈ {0, 2/3}. Since
∑
δi is an integer, the only
possibility is δ1 = δ2 = δ3, i.e. all the chains ∆i are of the same type. The
cases 〈n; 2, 4, 4〉 and 〈n; 2, 3, 6〉 are considered similarly. 
3.5.2. Corollary. Let (X ∋ P ) be a strictly log canonical surface singularity
of index I ≥ 2 admitting a Q-Gorenstein smoothing. Let (X♯ ∋ P ♯)→ (X ∋
P ) be the index one cover. Then
−K2(X♯∋P ♯) =
{
I(n− 2) in the case (DV),
I(n− 1) in the case (nDV).
Proof. Let us consider the (nDV) case. We use the notation of (2.5.1) and
(2.7.1). Let E1, E2, E3 be the η˜-exceptional divisors. Then
KX˜ = σ
∗KX − C˜, KY = η
∗KX −∆ = η˜
∗KX˜ −
∑
ri−2
ri
Ei.
Therefore,
∆ = η˜∗C˜ +
∑
ri−2
ri
Ei, ∆
2 = C˜2 −
∑(
ri − 4 +
4
ri
)
,
−C˜2 = n+ 3−
∑
4
ri
= n− 1, −K2(X♯∋P ♯) = −IC˜
2 = I(n− 1). 
3.5.3. Remark. In the above notation we have (see e.g. [KM98, Theorem
4.57])
mult(X♯ ∋ P ♯) = max
(
2,−K2(X♯∋P ♯)
)
,
emb dim(X♯ ∋ P ♯) = max
(
3,−K2(X♯∋P ♯)
)
.
The following proposition is the key point in the proof of of Theorem 1.2.
3.6. Proposition. Let (X ∋ P ) be a strictly log canonical rational surface
singularity of index I ≥ 3 admitting a Q-Gorenstein smoothing. Then (X ∋
P ) is of type [n; [r1], [r2], [r3]].
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Proof. By Lemma 3.3 the number K2 is integral and by Proposition 3.5
(X ∋ P ) is either of type nDV or of type DV. Assume that (X ∋ P ) is of
type DV.
3.7. Let f : X → D be a Q-Gorenstein smoothing. By Lemma 3.2 the pair
(X, X) is log canonical and (P ∈ X) is an isolated canonical singularity. Let
π : (X♯ ∋ P ♯)→ (X ∋ P ) be the index one cover (see 2.6) and let X♯ := π∗X .
Then X♯ is a Cartier divisor on X♯, the singularity (X♯ ∋ P ♯) is canonical (of
index 1), and the pair (X♯, X♯) is lc. Moreover, X♯ is CM, X♯ hence normal,
and the canonical divisor KX♯ is Cartier. Therefore, π induces the index
one cover πX : (X
♯ ∋ P ♯) → (X ∋ P ). In particular, the index of (P ∈ X)
equals I. Since I ≥ 3, the singularity (X♯ ∋ P ♯) is simple elliptic and the
dlt modification coincides with the minimal resolution.
3.8. First we consider the case where (P ∈ X) is terminal. Below we es-
sentially use the classification of terminal singularities (see e.g. [Rei87]).
In our case, (X♯ ∋ P ♯) is either smooth or an isolated cDV singularity. In
particular,
emb dim(X♯ ∋ P ♯) ≤ emb dim(X♯ ∋ P ♯) ≤ 4.
By our assumption (X ∋ P ) is of type DV. So, by Corollary 3.5.2 and
Remark 3.5.3
(3.8.1) emb dim(X♯ ∋ P ♯) = I(n− 2).
If emb dim(X♯ ∋ P ♯) = 3, i.e. (X♯ ∋ P ♯) is smooth, then emb dim(X♯ ∋
P ♯) = 3, mult (X♯ ∋ P ♯) = 3, and I = n = 3. In this case (X ∋ P ) is a
cyclic quotient singularity of type 1
3
(1, 1,−1) [Rei87]. We may assume that
(X♯, P ♯) = (C3, 0) and X♯ is given by an invariant equation ψ(x1, x2, x3) = 0
with mult0 ψ = 3. Since (X
♯ ∋ P ♯) is a simple elliptic singularity, the cubic
part ψ3 of ψ defines a smooth elliptic curve on P
2. Hence we can write
ψ3 = x
3
3 + τ(x1, x2), where τ(x1, x2) is a cubic homogeneous polynomial
without multiple factors. The minimal resolution X˜♯ → X♯ is the blowup
of the origin. In the affine chart {x2 6= 0} the surface X˜
♯ is given by the
equation τ(x′1, 1) + x
′3
3 + x
′
2(· · · ) = 0 and the action of µ3 is given by the
weights (0, 1, 1). Then it is easy to see that X˜ has three singular points of
type 1
3
(1, 1). This contradicts our assumption.
Thus we may assume that emb dim(X♯ ∋ P ♯) = 4, i.e. (X♯ ∋ P ♯) is a
hypersurface singularity. Then I = 4 by (3.8.1). We may assume that (X♯ ∋
P ♯) ⊂ (C4 ∋ 0) is a hypersurface given by an equation φ(x1, . . . , x4) = 0 with
mult0 φ = 2 and X
♯ is cut out by an invariant equation ψ(x1, . . . , x4) = 0.
Furthermore, we may assume that x1, . . . , x4 are semi-invariants with µ4-
weights (1, 1,−1, b), where b = 0 or 2 (see [Rei87]).
Consider the case mult0 ψ = 1. Since ψ is invariant, we have ψ = x4 +
(higher degree terms) and b = 0. In this case the only quadratic invariants
are x1x3, x2x3, and x
2
4. Thus φ2 is a linear combination of x1x3, x2x3, x
2
4.
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Since I = 4 and b = 0, by the classification of terminal singularities φ
contains either x1x3 or x2x3 (see [Rei87]). Then the eliminating x4 we see
that (X♯ ∋ P ♯) is a hypersurface singularity whose equation has quadratic
part of rank ≥ 2. In this case (X♯ ∋ P ♯) is a Du Val singularity of type An,
a contradiction.
Now let mult0 ψ > 1. Then
emb dim(X♯ ∋ P ♯) = −K(X♯∋P ♯) = mult(X
♯ ∋ P ♯) = 4 = I
(see Remark 3.5.3). According to [KM98, Theorem 4.57] the curve given by
quadratic parts of φ and ψ in the projectivization P(TP ♯,X♯) of the tangent
space is a smooth elliptic curve. According to the classification [Rei87] there
are two cases.
Case: b = 0 and φ is an invariant. In this case, as above, φ2 and ψ2
are linear combination of x1x3, x2x3, x
2
4 and so {φ2 = ψ2 = 0} cannot be
smooth, a contradiction.
Case: b = 2 and φ is a semi-invariant of weight 2. Then, up to linear
coordinate change of x1 and x2, we can write
φ2 = a1x1x2 + a2x
2
1 + a3x
2
2 + a4x
2
3, ψ2 = b1x1x3 + b2x2x3 + b3x
2
4.
Since φ2 = ψ2 = 0 defines a smooth curve, a1x1x2+ a2x
2
1+ a3x
2
2 has no mul-
tiple factors, so up to linear coordinate change of x1 and x2 we may assume
that φ2 = x1x2 + x
2
3. Similarly, b1, b2, b3 6= 0. Then easy computations (see
e.g [KM92, 7.7.1]) show that (X♯ ∋ P ♯) is a singularity of type [2; [2], [4]2].
This contradicts our assumption.
3.9. Now we assume that (P ∈ X) is strictly canonical. Let γ : X˜ → X be
the crepant blowup of (P ∈ X). By definition X˜ has only Q-factorial terminal
singularities and KX˜ = γ
∗KX. Let E =
∑
Ei be the exceptional divisor and
let X˜ be the proper transform of X . Since the pair (X, X) is log canonical,
we can write
(3.9.1) KX˜ + X˜ + E = γ
∗(KX +X), γ
∗X = X˜ + E.
The pair (X˜, X˜ + E) is log canonical and X˜ has isolated singularities, so
X˜ +E has generically normal crossings along X˜ ∩E. Hence C := X˜ ∩ E is
a reduced curve. By the adjunction we have
KX˜ + C = (KX˜ + X˜ + E)|X˜ = γ
∗(KX +X)|X˜ = γ
∗
X˜
KX .
Thus γX˜ : X˜ → X is a dlt modification of (X ∋ P ). Since I ≥ 3, there
is only one divisor over P ∈ X with discrepancy −1. Hence this divisor
coincides with C and so C is irreducible and smooth. In particular, X˜
meets only one component of E.
Claim. Let Q ∈ X˜ be a point at which E is not Cartier. Then in a neigh-
borhood of Q we have X˜ ∼ KX˜. In particular, Q ∈ C.
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Proof. We are going to apply the results of [Kaw15]. The extraction γ :
X˜→ X can be decomposed in a sequence of elementary crepant blowups
γi : Xi+1 −→ Xi, i = 0, . . . , N,
where X0 = X, XN = X˜, for i = 1, . . . , N each Xi has only Q-factorial
canonical singularities, and the γi-exceptional divisor Ei+1,i is irreducible.
[Kaw15] defined a divisor F with Supp(F ) = E on XN = X˜ inductively:
F1 = E1,0 on X1 and Fi+1 = ⌈γ
∗
iFi⌉. In our case, by (3.9.1) the divisor F
is reduced, i.e. F = E. Then by [Kaw15, Theorem 4.2] we have E ∼ −KX˜
near Q. Since X˜ + E is Cartier, X˜ ∼ KX˜ near Q. 
Claim. The singular locus of X˜ near C consists of three cyclic quotient
singularities P1, P2, P3 of types
1
ri
(1,−1, bi), where gcd(bi, ri) = 1 and
(r1, r2, r3) = (3, 3, 3), (2, 4, 4), and (2, 3, 6) in cases I = 3, 4, 6, respectively.
Proof. Let P1, P2, P3 ∈ C be singular points of X˜ . Since C = X˜ ∩ E is
smooth, E is not Cartier at Pi’s. Hence P1, P2, P3 ∈ X˜ are (terminal) non-
Gorenstein points. Now the assertion follows by [Kaw15, Theorem 4.2]. 
Therefore, Pi ∈ X˜ is a point of index ri/ gcd(2, ri). Hence the singularities
of X˜ are of types 1
ri
(1, 1). This proves Proposition 3.6. 
3.10. Let (X ∋ P ) be a normal surface singularity admitting a Q-Gorenstein
smoothing f : X → D. Let MP be the Milnor fiber of f. Thus, (MP , ∂MP )
is a smooth 4-manifold with boundary. Denote by µP = b2(MP ) the Milnor
number of the smoothing. In our case we have (see [GS83])
(3.10.1) b1(MP ) = 0, Eu(MP ) = 1 + µP .
3.10.2. Proposition (cf. [HP10, §2.3]). Let (X ∋ P ) be a rational surface
singularity. Assume that (X ∋ P ) admits a Q-Gorenstein smoothing. Then
for the Milnor number µP we have
(3.10.3) µP = K
2
(X,P )+ςP .
Proof. Obviously, K2(X,P )+ςP depends only on the analytic type of the sin-
gularity (X ∋ P ). According to [Loo86, Appendix], for (X ∋ P ) there exists
a projective surface Z with a unique singularity isomorphic to (X ∋ P ) and
a Q-Gorenstein smoothing Z/(T ∋ 0). Let η : Y → Z be the minimal
resolution. Write
KY = η
∗KZ −∆, K
2
Y = K
2
Z +∆
2.
Let Z ′ be the general fiber. Since
Eu(Y ) = Eu(Z) + ςP , χ(OY ) = χ(OZ),
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by Noether’s formula we have
0 = K2Y + Eu(Y )− 12χ(OZ) = K
2
Z +∆
2 + Eu(Z) + ςP − 12χ(OZ′) =
= ∆2 + ςP + Eu(Z) +K
2
Z′ − 12χ(OZ′) = ∆
2 + ςP + Eu(Z)− Eu(Z
′).
By (3.10.1) we have µP = ∆
2
P + ςP . 
3.10.4. Corollary (see [Man91, Proposition 13]). If (X ∋ P ) is a T-
singularity of type 1
dm2
(1, dma− 1), then
(3.10.5) µP = d− 1, −K
2 = ςP − d+ 1.
Proposition 3.10.2 implies the following.
3.10.6.Corollary. Let (X ∋ P ) be a strictly log canonical surface singularity
of index I > 1 admitting a Q-Gorenstein smoothing. Then
(3.10.7) µP =
{
4−
∑
(ni − 3) in the case (DV) with I = 2,
13− n−
∑
ri in the case (nDV).
Proof of the classificational part of Theorem 1.2. Let
π : (X♯ ∋ P ♯)→ (X ∋ P )
be the index one cover. A Q-Gorenstein smoothing (X ∋ P ) is induced by
an equivariant smoothing of (X♯ ∋ P ♯) (cf. 3.7). In particular, (X♯ ∋ P ♯) is
smoothable. Assume that (X ∋ P ) is of type [n1, . . . , ns; [2]
4] with s > 1.
Then (X♯ ∋ P ♯) is a cusp singularity. By [Wah81, Th. 5.6] its smoothability
implies
mult(X♯ ∋ P ♯) ≤ ςP ♯ + 9.
Since ςP ♯ = 2ςP − 10, by Corollary 3.5.2 and Remark 3.5.3 we have
2
∑
(ni − 2) ≤ 2ςP − 1,
∑
(ni − 3) ≤ 3.
In the case where (X ∋ P ) is of type [n; [2]4] the singularity (X♯ ∋ P ♯) is
simple elliptic. Then mult(X♯ ∋ P ♯) ≤ 9 (see e.g. [LW86, Ex. 6.4]). Hence
n ≤ 6. In the case where (X♯ ∋ P ♯) is of type [n, [r1], [r2], [r3]] the assertion
follows from Corollary 3.10.6 because µP ≥ 0. 
The existence of Q-Gorenstein smoothings follows from examples and dis-
cussions in the next two sections.
4. Examples of Q-Gorenstein smoothings
4.1. Proposition ([Ste91, Cor. 19]). A rational surface singularity of index
2 and multiplicity 4 admits a Q-Gorenstein smoothing.
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Recall that for any rational surface singularity (X ∋ P ) one has
mult(X ∋ P ) = −Z2,
where Z is the fundamental cycle on the minimal resolution (see [Art66,
Cor. 6]).
4.1.1. Lemma. Let (X ∋ P ) be a log canonical surface singularity of type
[n1, . . . , ns; [2]
4]. Then
−Z2 = max
(
4, 2 +
∑
(ni − 2)
)
= max
(
4, 2−K2
)
.
Proof. If either s ≥ 2 and n1, ns ≥ 3 or s = 1 and n1 ≥ 4, then Z = ⌈∆⌉
and so Z2 = ∆2 − 2 = −n by Proposition 3.5. If
∑
(ni − 2) = 1, then
Z = 2∆ and so Z2 = 4∆2 = −4. 
4.1.2. Corollary. A log canonical singularity of type [n1, . . . , ns; [2]
4] with∑
(ni − 2) ≤ 2 admits a Q-Gorenstein smoothing.
Let us consider explicit examples.
4.1.3. Example. Let X = C3/µ2(1, 1, 1) and
f : X → C, (x1, x2, x3) 7→ x
2
1 +
(
x22 + c1x
2k
3
) (
x23 + c2x
2m
2
)
,
where k,m ≥ 1 and c1, c2 are constants. The central fiber X = X0 is a log
canonical singularity of type
[2, . . . , 2︸ ︷︷ ︸
k−1
, 3, 2, . . . , 2︸ ︷︷ ︸
m−1
; [2]4].
Indeed, the 1
2
(1, 1, 1)-blowup of X ′ → X ∋ 0 has irreducible exceptional
divisor. If k,m ≥ 3, then the singular locus if X ′ consists of two Du Val
singularities of types Dk+1 and Dm+1. Other cases are similar.
4.1.4. Example. Let µ2 act on C
4
x1,...,x4 diagonally with weights (1, 1, 1, 0)
and let φ(x1, . . . , x4) and ψ(x1, . . . , x4) be invariants such that mult0 φ =
mult0 ψ = 2 and the quadratic parts φ(2), ψ(2) define a smooth elliptic curve
in P3. Let X := {φ = 0}/µ2(1, 1, 1, 0). Consider the family
f : X −→ C (x1, . . . , x4) 7−→ ψ.
The central fiber X = X0 is a log canonical singularity of type [4; [2]
4].
4.1.5. Proposition ([dv92, Ex. 4.2]). Singularities of types [5; [2]4],
[4, 3; [2]4], and [3, 3, 3; [2]4] admit Q-Gorenstein smoothings.
Now consider singularities of index > 2.
4.2. Example (cf. [KM92, 6.7.1]). Let X = C3/µ3(1, 1, 2) and
f : (x1, x2, x3) 7−→ x
3
1 + x
3
2 + x
3
3.
The central fiber X = X0 is a log canonical singularity of type [2; [3]
3].
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4.3. Example. Let X = C3/µ9(1, 4, 7) and
f : (x1, x2, x3) 7−→ x1x
2
2 + x2x
2
3 + x3x
2
1.
The central fiber X = X0 is a log canonical singularity of type [4; [3]
3]. The
total space has a canonical singularity at the origin.
4.4. Example (cf. [KM92, 7.7.1]). Let
X = {x1x2 + x
2
3 + x
2k+1
4 = 0}/µ4(1, 1,−1, 2), k ≥ 1.
Consider the family
f : X −→ C, (x1, . . . , x4) 7−→ x
2
4 + x3(x1 + x2) + ψ≥3(x1, . . . , x4),
where ψ≥3 is an invariant with mult(ψ≥3) ≥ 3. The central fiber X = X0 is
a log canonical singularity of type [2; [2], [4]2]. The singularity of the total
space is terminal of type cAx/4.
4.5. Example. Let X := {x1x2 + x
2
3 + x
2
4 = 0}/µ8(1, 5, 3, 7). Consider the
family
f : X −→ C, (x1, . . . , x4) 7−→ x1x4 + x2x3.
The central fiber X = X0 is a log canonical singularity of type [3; [2], [4]
2].
The singularity of the total space X is canonical [HT87].
More examples of Q-Gorenstein smoothings will be given in the next sec-
tion.
5. Indices of canonical singularities
5.1. Notation. Let S = Sd ⊂ P
d be a smooth del Pezzo surface of degree
d ≥ 3. Let Z be the affine cone over S and let z ∈ Z be its vertex. Let
δ : Z˜ → Z be the blowup along the maximal ideal of z and let S˜ ⊂ Z˜ be the
exceptional divisor. The affine variety Z can be viewed as the spectrum of
the anti-canonical graded algebra:
Z = SpecR(−KS), R(−KS) :=
⊕
n≥0
H0(S,OS(−nKS))
and the variety Z˜ can be viewed as the total space Tot(L ) of the line bundle
L := OS(KS). Here S˜ is the negative section. Denote by γ : Z˜ → S the
natural projection.
5.2. Lemma. The map δ is a crepant morphism and (Z ∋ z) is a canonical
singularity.
Proof. Write KZ˜ = δ
∗KZ + aS˜. Then
KS˜ = (KZ˜ + S˜)|S˜ = (a + 1)S˜|S˜.
Under the natural identification S = S˜ one has OS˜(KS˜) ≃ OS(−1) ≃ OS˜(S˜).
Hence, a = 0. 
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5.3. Construction. Assume that S admits an action ς : G → Aut(S) of a
finite group G. The action naturally extends to an action on the algebra
R(−KS), the cone Z, and its blowup Z˜. We assume that
(A) G ≃ µI is a cyclic group of order I,
(B) the action G on S is free in codimension one, and
(C) the quotient S/G has only Du Val singularities.
Let GP be the stabilizer of a point P ∈ S. Since L = OS(KS), the fiber
LP of γ : Z˜ = Tot(L ) → S is naturally identified with ∧
2T∨P,S, where TP,S
is the tangent space to S at P . By our assumptions (B) and (C), in suitable
analytic coordinates x1, x2 near P , the action of GP is given by
(5.3.1) (x1, x2) 7−→ (ζ
bP
IP
· x1, ζ
−bP
IP
· x2),
where ζIP is a primitive IP -th root of unity, gcd(IP , bP ) = 1, and IP is the
order of GP . Therefore, the action of GP on LP ≃ ∧
2T∨P,S is trivial. Let
P˜ := LP ∩ S˜.
The algebra R(−KS) admits also a natural C
∗-action compatible with the
grading. Thus γ : Z˜ → S is a C∗-equivariant A1-bundle, where C∗-action on
S is trivial and the induced action λ : C∗ → Aut(Z˜) is just multiplication in
fibers. Fix an embedding G = µI ⊂ C
∗. Then two actions ς and λ commute
and so we can define a new action of G on Z˜ by
(5.3.2) ς ′(α) = λ(α)ς(α), α ∈ G.
Take local coordinates x1, x2, x3 in a neighborhood of P˜ ∈ Z˜ compatible
with the decomposition TP˜ ,Z˜ = TP˜ ,S˜⊕TP˜ ,LP of the tangent space and (5.3.1).
Then the action of GP is given by
(5.3.3) (x1, x2, x3) 7−→ (ζ
bP
IP
· x1, ζ
−bP
IP
· x2, ζ
aP
IP
· x3), gcd(aP , IP ) = 1.
5.4. Claim. The quotient X˜ := Z˜/ς ′(G) has only terminal singularities.
Proof. All the points of Z˜ with non-trivial stabilizers lie on the negative
section S˜. The image of such a point P˜ on X˜ is a cyclic quotient singularity
of type 1
IP
(bP ,−bP , aP ) by (5.3.3). 
By the universal property of quotients, there is a contraction ϕ : X˜ → X
contracting E to a point, say o, where X := Z/G and E := S˜/G. Thus we
have the following diagram:
(5.4.1)
S˜ ⊂

Z˜
δ

//
γ
tt
X˜
ϕ

⊃ E

S z ∈ Z
π
// X ∋ o
5.5. Proposition. (X ∋ o) is an isolated canonical non-terminal singularity
of index |G|.
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Proof. Since the action ς ′ is free in codimension one, the contraction ϕ is
crepant by Lemma 5.2. The index of (X ∋ o) is equal to the l.c.m. of |GP |
for P ∈ S. On the other hand, by the holomorphic Lefschetz fixed point
formula G has a fixed point on S. Hence, G = GP for some P . 
5.6. Now we construct explicit examples of del Pezzo surfaces with cyclic
group actions satisfying the conditions (A)-(C).
5.6.1. Example. Recall that a del Pezzo surface S of degree 6 is unique up
to isomorphism and can be given in P1u0:u1 × P
1
v0:v1
× P1w0:w1 by the equation
u1v1w1 = u0v0w0.
Let α ∈ Aut(S) be the following element of order 6:
α : (u0 : u1; v0 : v1; w0 : w1) 7−→ (v1 : v0; w1 : w0; u1 : u0).
Points with non-trivial stabilizers belong to one of three orbits and repre-
sentatives are the following:
• P = (1 : 1; 1 : 1; 1 : 1), |GP | = 6,
• Q = (1 : ζ3; 1 : ζ3; 1 : ζ3), |GQ| = 3,
• R = (1 : 1; 1 : −1; 1 : −1), |GR| = 2.
It is easy to check that they give us Du Val points of type A5, A2, A1,
respectively.
5.6.2. Example. A del Pezzo surface S of degree 5 is obtained by blowing
up four points P1, P2, P3, P4 on P
2 in general position. We may assume that
P1 = (1 : 0 : 0), P2 = (0 : 1 : 0), P3 = (0 : 0 : 1), P4 = (1 : 1 : 1). Consider
the following Cremona transformation:
α : (u0 : u1 : u2) 7−→ (u0(u2 − u1) : u2(u0 − u1) : u0u2).
It is easy to check that α5 = id and the indeterminacy points are exactly
P1, P2, P3. Thus α lifts to an element α ∈ Aut(S) of order 5.
Claim. Let α ∈ Aut(S) be any element of order 5. Then α has only isolated
fixed points and the singular locus of the quotient S/〈a〉 consists of two Du
Val points of type A4.
Proof. For the characteristic polynomial of α on Pic(S) there is only one
possibility: t5 − 1. Therefore, the eigenvalues of α are 1, ζ5, . . . , ζ
4
5 . This
implies that every invariant curve is linearly proportional (in Pic(S)) to
−KS. In particular, this curve must be an ample divisor.
Assume that there is a curve of fixed points. By the above it meets
any line. Since on S there are at most two lines passing through a fixed
point, all the lines must be invariant. In this case α acts on S identically, a
contradiction.
Thus the action of α on S is free in codimension one. By the topological
Lefschetz fixed point formula α has exactly two fixed points, say Q1 and Q2.
18 YURI PROKHOROV
We may assume that actions of α in local coordinates near Q1 and Q2 are
diagonal:
(x1, x2) 7−→ (ζ
r
5x1, ζ
k
5x2), (y1, y2) 7−→ (ζ
l
5y1, ζ
m
5 y2),
where r, k, l, m are not divisible by 5. Then by the holomorphic Lefschetz
fixed point formula
1 = (1− ζr5)
−1(1− ζk5 )
−1 + (1− ζ l5)
−1(1− ζm5 )
−1.
Easy computations with cyclotomics show that up to permutations and mod-
ulo 5 there is only one possibility: r = 1, k = 4, l = 2, m = 3. This means
that the quotient has only Du Val singularities of type A4. 
5.6.3. Example. Let µ3 act on S = P
2 diagonally with weights (0, 1, 2).
The quotient has three Du Val singularities of type A2.
5.6.4. Example. Let µ4 act on S = P
1
u0:u1
× P1v0:v1 by
(u0 : u1; v0 : v1) 7−→ (v0 : v1; u1 : u0).
The quotient has three Du Val singularities of types A1, A3, A3.
Note that in all examples above the group generated by αn also satisfies
the conditions (A)-(C). We summarize the above information in the following
table. Together with Proposition 5.5 this proves Theorem 1.3.
No. K2S Ref. G I Sing(X˜)
1# 6 5.6.1 〈α〉 6 1
6
(1,−1, 1), 1
3
(1,−1, 1), 1
2
(1, 1, 1)
2# 5 5.6.2 〈α〉 5 1
5
(1,−1, 1), 1
5
(2,−3, 1)
3# 8 5.6.4 〈α〉 4 2× 1
4
(1,−1, 1), 1
2
(1, 1, 1)
4# 6 5.6.1 〈α2〉 3 3× 1
3
(1,−1, 1)
5# 9 5.6.3 〈α〉 3 3× 1
3
(1,−1, 1)
6# 6 5.6.1 〈α3〉 2 4× 1
2
(1, 1, 1)
7# 8 5.6.4 〈α2〉 2 4× 1
2
(1, 1, 1)
Note that our table agrees with the corresponding one in [Kaw15].
Now we apply the above technique to construct examples of Q-Gorenstein
smoothings.
5.7. Theorem. Let (X ∋ o) be a surface log canonical singularity of one of
the following types
[2; [2, 3, 6]], [3; [2, 4, 4]], [n; [3, 3, 3]], n = 3, 4, [n; [2, 2, 2, 2]], n = 5, 6.
Then (X ∋ o) admits a Q-Gorenstein smoothing.
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5.7.1. Lemma. In the notation of (5.4.1), let C ⊂ S be a smooth elliptic
G-invariant curve such that C ∼ −KS . Assume that C passes through all
the points with non-trivial stabilizers. Let X˜♯ := γ−1(C), X♯ := δ(X˜♯), and
X := π(X♯). Then the singularity (X ∋ o) is log canonical of index |G|.
Moreover, replacing λ with λ−1 if necessary we may assume that X is a
Cartier divisor on X.
Proof. Put X˜ := X˜♯/G. Since the divisor X˜♯+ S˜ is trivial on S˜, the contrac-
tion δ is log crepant with respect to KZ˜ + X˜
♯ + S˜ and so ϕ is with respect
to KX˜ + X˜ +E. By construction X
♯ is a cone over the elliptic curve C and
X = X♯/G. Therefore, (X ∋ o) is a log canonical singularity. Comparing
with 2.7 we see that the index of (X ∋ o) equals |G|. We claim that X˜ +E
is a Cartier divisor on X˜. Identify C with C˜ := γ−1(C) ∩ S˜ = S˜ ∩ X˜♯.
Let ω ∈ H0(C,OC(KC)) be a nowhere vanishing holomorphic 1-form on
C and let α be a generator of G. Since dimH0(C,OC(KC)) = 1 and G has
a fixed point on C, the action of G on H0(C,OC(KC)) is faithful and we can
write α∗ω = ζIω, where ζI is a suitable primitive I-th root of unity.
Pick a point P˜ ∈ Z˜ with non-trivial stabilizer GP of order IP . By our
assumptions P˜ ∈ C˜. Take semi-invariant local coordinates x1, x2, x3 as in
(5.3.3). Moreover, we can take them so that x1 is a local coordinate along C.
Then we can write ω = ̟dx1, where ̟ is an invertible holomorphic function
in a neighborhood of P . Hence, ̟ is an invariant and α∗x1 = ζ
I/IP
I x1. Thus,
by (5.3.3), the action near P˜ has the form 1
IP
(1,−1, aP ). Since G faithfully
acts on C with a fixed point, IP = 2, 3, 4 or 6. Since gcd(aP , IP ) = 1,
we have aP ∈ {±1}. Then by (5.3.2) replacing λ with λ
−1 we may assume
that aP = 1. In our coordinates the local equation of S˜ is x3 = 0 and the
local equation of X˜♯ is x2 = 0. Now it is easy to see that the local equation
x2x3 = 0 of S˜ + X˜
♯ is GP -invariant. Therefore, X˜ +E is Cartier. Since it is
ϕ-trivial, the divisor X = ϕ∗(X˜ + E) on X is Cartier as well. 
Proof of Theorem 5.7. It is sufficient to embed X to a canonical threefold
singularity (X ∋ o) as a Cartier divisor. Let (X♯ ∋ o♯) → (X ∋ o) be the
index one cover. Then (X♯ ∋ o♯) is a simple elliptic singularity (see 2.6).
In the notation of Examples 5.6 consider the following µI-invariant elliptic
curve C ⊂ S:
1#4# ζ3(u0w1 − u1w0)(v0 + v1) + (u0v1 − u1v0)(w0 + w1)
3# (u21 − u
2
0)v0v1 + ζ4u0u1(v
2
1 − v
2
0)
5# u20u1 + u
2
1u2 + u
2
2u0
6# c1(u0w1 − u1w0)(v0 + v1) + c2(u0v1 − u1v0)(w0 + w1)
7# c1(u
2
0v
2
0−u
2
1v
2
1) + c2v0v1(u
2
0−u
2
1) + c3(u
2
0v
2
1−u
2
1v
2
0) + c5u0u1(v
2
0−v
2
1)
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where ci’s are constants and ζn is a primitive n-th root of unity. Then we
apply Lemma 5.7.1. 
6. Noether’s formula
6.1. Proposition ([HP10]). Let X be a projective rational surface with
only rational singularities. Assume that every singularity of X admits a
Q-Gorenstein smoothing. Then
(6.1.1) K2X + ρ(X) +
∑
P∈X
µP = 10.
Proof. Let η : Y → X be the minimal resolution. Since X has only rational
singularities, we have
Eu(Y ) = Eu(X) +
∑
P
ςP , χ(OY ) = χ(OX).
Further, we can write
KY = η
∗KX −
∑
P
∆P , K
2
Y = K
2
X +
∑
P
∆2P .
By the usual Noether formula for smooth surfaces
12χ(OX) = K
2
Y + Eu(Y ) = K
2
X + Eu(X) +
∑
P
(∆2P + ςP ).
Now the assertion follows from (3.10.3). 
6.2. Let X be an arbitrary normal projective surface, let η : Y → X be the
minimal resolution, and let D be a Weil divisor onX . Write η∗D = DY +D
•,
where DY is the proper transform of D and D
• is the exceptional part of
η∗D. Define the following number
(6.2.1) cX(D) = −
1
2
〈D•〉 · (⌊η∗D⌋ −KY ).
6.2.2. Proposition ([Bla95, §1]). In the above notation we have
(6.2.3) χ(OX(D)) =
1
2
D · (D −KX) + χ(OX) + cX(D) + c
′
X(D),
where
c′X(D) := h
0(R1η∗OY (⌊η
∗D⌋))− h0(R1η∗OY ).
6.2.4. Remark. Note that cX(D) can be computed locally:
cX(D) =
∑
P∈X
cP,X(D),
where cP,X(D) is defined by the formula (6.2.1) for each germ (X ∋ P ).
6.2.5. Lemma. Let (X ∋ P ) be a rational log canonical surface singularity.
Then
cP,X(−KX) = ∆
2 − ⌈∆⌉2 − 3.
where, as usual, ∆ is defined by KY = η
∗KX −∆.
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Proof. Put D := −KX and write
η∗D = −KY −∆, 〈D
•〉 = 〈−∆〉 = ⌈∆⌉ −∆,
⌊η∗D⌋ −KY = −2KY − ⌈∆⌉ = −2η
∗KX + 2∆− ⌈∆⌉.
Therefore,
cP,X(D) =
1
2
(∆− ⌈∆⌉) · (−2η∗KX + 2∆− ⌈∆⌉) =
1
2
(⌈∆⌉ −∆) · (⌈∆⌉ − 2∆).
Since (X ∋ P ) be a rational singularity, we have
−2 = 2pa(⌈∆⌉)− 2 = (⌈∆⌉ −∆) · ⌈∆⌉, ⌈∆⌉
2 + 2 = ∆ · ⌈∆⌉
and the equality follows. 
6.2.6. Corollary. Let (X ∋ P ) be a rational log canonical surface singularity
such that K2 is integral. Then
(6.2.7) cP,X(−KX) =


−1 in the case (DV),
0 if (X ∋ P ) is log terminal
or in the case (nDV).
Proof. Let us consider the (nDV) case (other cases are similar). By Propo-
sition 3.5 we have −∆2 = n − 9 +
∑
ri. On the other hand, ⌈∆⌉
2 =
−n+ 6−
∑
ri. Hence, cP,X(−KX) = 0 as claimed. 
6.2.8. Corollary. Let X be a del Pezzo surface with log canonical rational
singularities and ρ(X) = 1. Assume that for any singularity of X the invari-
ant K2 is integral. Then H i(X,OX) = 0 for i > 0 and dim |−KX | ≥ K
2
X−1.
Proof. By the Serre duality H2(X,OX) = H
0(X,KX) = 0. If the singu-
larities of X are rational, then the Albanese map is a well defined mor-
phism alb : X → Alb(X). Since ρ(X) = 1, we have dimAlb(X) = 0
and so H1(X,OX) = 0. The last inequality follows from (6.2.3) because
c′X(−KX) ≥ 0 and cX(−KX) ≥ −1 (see (6.2.7)). 
7. Del Pezzo surfaces
7.1. Assumption. From now on let X be a del Pezzo surface satisfying the
following conditions:
(i) the singularities of X are log canonical and X has at least one non-
log terminal point o ∈ X ,
(ii) X admits a Q-Gorenstein smoothing,
(iii) ρ(X) = 1.
7.2. Lemma. In the above assumptions the following hold:
(i) dim | −KX | > 0,
(ii) X has exactly one non-log terminal point.
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Proof. (i) is implied by semicontinuity (cf. [Man91, Theorem 4]). (ii) follows
from Shokurov’s connectedness theorem [Sho93, Lemma 5.7], [Kol92, Th.
17.4]. 
7.3. Construction. Let σ : X˜ → X be a dlt modification and let
C˜ =
s∑
i=1
C˜i = σ
−1(o)
be the exceptional divisor. Thus ρ(X˜) = s+ 1.
For some large k the divisor −kKX is very ample. Let H ∈ | − kKX | be
a general member and let Θ := 1
k
H . Then KX +Θ ≡ 0 and the pair (X,Θ)
is lc at o and klt outside o. We can write
(7.3.1) KX˜ + C˜ = σ
∗KX , KX˜ + Θ˜ + C˜ = σ
∗(KX +Θ),
where Θ˜ is the proper transform of Θ on X˜ . Clearly C˜ ∩ Supp(Θ˜) = ∅ and
Θ˜ is nef and big. Note also that KX˜ is σ-nef.
7.3.2. Let D ∈ | − KX | be a member such that o ∈ Supp(D). This holds
automatically for any member D ∈ | − KX | if I > 1 because −KX is not
Cartier at o in this case. In general, such a member exists by Lemma 7.2(i).
We have
(7.3.3) KX˜ +
∑
miC˜i + D˜ ∼ 0, mi ≥ 2 ∀i.
7.4. We distinguish two cases that will be treated in Sect. 8 and 9 respec-
tively:
(A) there exists a fibration X˜ → T over a smooth curve,
(B) X˜ has no dominant morphism to a curve.
Note that the divisor −(KX˜ + C˜) is nef and big. Therefore, in the case
(A) the generic fiber of the fibration X˜ → T is a smooth rational curve.
To show the existence of Q-Gorenstein smoothings we use unobstructed-
ness of deformations:
7.5. Proposition ([HP10, Proposition 3.1]). Let Y be a projective surface
with log canonical singularities such that −KY is big. Then there are no
local-to-global obstructions to deformations of Y . In particular, if the singu-
larities of Y admit Q-Gorenstein smoothings, then the surface Y admits a
Q-Gorenstein smoothing.
However, in some cases the corresponding smoothings can be constructed
explicitly:
7.5.1. Example. Consider the hypersurface X ⊂ P(1, 1, 2, 3) given by z2 =
yφ4(x1, x2). Then X is a del Pezzo surface with K
2
X = 1. The singular locus
of X consists of the point (0 : 0 : 1 : 0) of type [3; [2]4] and four points
{z = y = φ4(x1, x2) = 0} of types A1. Therefore, X is of type 2
o with n = 3.
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7.5.2. Example. Consider the hypersurface X ⊂ P(1, 1, 2, 3) given by (x31−
x32)z + y
3 = 0. Then X is a del Pezzo surface with K2X = 1. The singular
locus of X consists of the point (0 : 0 : 0 : 1) of type [2; [3]3] and three points
(1 : ζk3 : 0 : 0), k = 0, 1, 2 of type A2. Therefore, X is of type 5
o with n = 2.
8. Proof of Theorem 1.1: Fibrations
In this section we consider the case (A) of 7.3. First we describe quickly
the singular fibers that occur in our classification.
8.1. Let Y be a smooth surface and let Y → T be a rational curve fibration.
Let Σ ⊂ Y be a section and let F be a singular fiber. We say that F is of
type (Ik) or (II) if its dual graph has the following form, where  corresponds
to Σ and • corresponds to a (−1)-curve:
(Ik) 
k
◦ • ◦ · · · ◦︸ ︷︷ ︸
k−1
(II)
◦ •
 ◦ ◦
❖❖
❖❖
❖❖
♦♦♦♦♦♦
◦
Assume that Y has only fibers of these types (Ik) or (II). Let Y → X¯ be the
contraction of all curves in fibers having self-intersections less than −1, i.e.
corresponding to white vertices. Then ρ(X¯) = 2 and X¯ has a contraction
θ : X¯ → T .
8.1.1.Remark. Let C¯ ⊂ X¯ be the image of Σ. Assume that X¯ is projective,
C¯2 < 0, i.e. C¯ is contractible, and (KX¯ + C¯) · C¯ = 0. For a general fiber
F of θ we have (KX¯ + C¯) · F = −1. Therefore, −(KX¯ + C¯) is nef. Now
let X¯ → X be the contraction of C¯. Then X is a del Pezzo surface with
ρ(X) = 1.
8.2. Recall that we use the notation of 7.1 and 7.3. In this section we assume
that X˜ has a rational curve fibration X˜ → T , where T is a smooth curve
(the case (A)). Since ρ(X) = 1, the curve C˜ is not contained in the fibers. A
general fiber F˜ ⊂ X˜ is a smooth rational curve. By the adjunction formula
KX˜ · F˜ = −2. By (7.3.3) we have F˜ ·
∑
miC˜i = 2 and so F˜ · D˜ = 0. Hence
there exists exactly one component of C˜, say C˜1, such that F˜ · C˜1 = 1,
m1 = 2, and for i 6= 1 we have F˜ · C˜i = 0. This means that the divisor D˜
and the components C˜i with i 6= 1 are contained in the fibers and C˜1 is a
section of the fibration X˜ → T .
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Let us contract all the vertical components of C˜, i.e. the components C˜i
with i 6= 1. We get the following diagram
X˜
σ

ν
// X¯
θ

vv❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
X T
Let C¯ := ν∗C˜ = ν∗C˜1, Θ¯ = ν∗Θ˜, and D¯ = ν∗D˜. By (7.3.1) and (7.3.3) we
have
(8.2.1) KX¯ + C¯ + Θ¯ ≡ 0, KX¯ + 2C¯ + D¯ ∼ 0.
Moreover, the pair (X¯, C¯ + Θ¯) is lc and if I > 1, then dim |D¯| > 0.
8.3. Lemma (cf. [Fuj95]). If the singularity (X ∋ o) is not rational, then T
is an elliptic curve, X˜ ≃ X¯ is smooth, and X is a generalized cone over T .
Proof. By Theorem 2.4(i) the surface X˜ is smooth along C˜. Since C˜1 is a
section, we have C˜1 ≃ T and C˜ cannot be a combinatorial cycle of smooth
rational curves. Hence both C˜1 and T are smooth elliptic curves. Then
C˜ = C˜1 and ρ(X˜) = ρ(X) + 1 = 2. Hence any fiber F˜ of the fibration
X˜ → T is irreducible. Since F˜ · C˜1 = 1, any fiber is not multiple. This
means that X˜ → T is a smooth morphism. Therefore, X˜ is a geometrically
ruled surface over an elliptic curve. 
From now on we assume that the singularities of X are rational. In this
case, T ≃ P1 and dim |D¯| ≥ dim | −KX | > 0 (see 7.3.2 and Lemma 7.2).
8.4. Lemma. Let F¯ be a degenerate fiber (with reduced structure). Then
the dual graph of F¯ has one of the forms described in 8.1:
(Ik) with k = 2, 3, 4 or 6, or (II).
Proof. Let P¯ := C¯ ∩ F¯ . Since −(KX¯ + C¯ + F¯ ) is θ-ample, the pair (X¯, C¯ +
F¯ ) is plt outside C¯ by Shokurov’s connectedness theorem. Let m be the
multiplicity of F¯ . Since C¯ is a section of θ, we have C¯ · F¯ = 1/m < 1 and
so the point P¯ ∈ X¯ is singular.
If the pair (X¯, F¯ ) is plt at P¯ , then X¯ has on F¯ two singular points and
these points are of types 1
n
(1, q) and 1
n
(1,−q) (see e.g. [Pro01, Th. 7.1.12]).
We may assume that P¯ ∈ X¯ is of type 1
n
(1, q). In this case, m = n and
the pair (X¯, C¯ + F¯ ) is lc at P¯ because C¯ · F¯ = 1/n. By Theorem 1.2 we
have n = 2, 3, 4, or 6 and q = 1. We get the case (Ik). From now on
we assume that (X¯, F¯ ) is not plt at P¯ . In particular, (X¯ ∋ P¯ ) is not of
type 1
n
(1, 1). Then again by Theorem 1.2 the singularity (o ∈ X) is of type
[n1, . . . , ns; [2]
4]. Hence the part of the dual graph of F attached to C1 has
LOG CANONICAL DEGENERATIONS 25
the form
◦

C¯
n1
◦ · · ·
nk
◦
tttttt
❏❏
❏❏
❏❏
◦
where k ≥ 1. Then KX¯ + C¯ is of index 2 at P¯ (see [Kol92, Prop. 16.6]).
Since (KX¯ + C¯) · mF¯ = −1, the number 2(KX¯ + C¯) · F¯ = −2/m must
be an integer. Therefore, m = 2. Assume that X¯ has a singular point Q¯
on F¯ \ {P¯}. We can write Diff F¯ (0) = α1P¯ + α2Q¯, where α1 ≥ 1 (by the
inversion of adjunction) and α2 ≥ 1/2. Then Diff F¯ (C¯) = α
′
1P¯ +α2Q¯, where
α′1 = α1 + F¯ · C¯ ≥ 3/2. On the other hand, the divisor
−(KF¯ +Diff F¯ (C¯)) = −(KX¯ + F¯ + C¯)|F¯
is ample. Hence, deg DiffF¯ (C¯) < 2, a contradiction. Thus P¯ is the only
singular point of X¯ on F¯ . We claim that • is attached to one of the (−2)-
curves at the end of the graph. Indeed, assume that the dual graph of F
has the form
◦

C¯
n1
◦ · · ·
ni
◦ · · ·
nk
◦
tttttt
❏❏
❏❏
❏❏
• ◦
where 1 ≤ i ≤ k. Clearly, ni = 2. Contracting the (−1)-curve • we obtain
the following graph
◦

C¯
n1
◦ · · · • · · ·
nk
◦
tttttt
❏❏
❏❏
❏❏
◦
Continuing the process, on each step we have a configuration of the same
type and finally we get the dual graph
◦

C¯
n′
1
◦ · · ·
n′j
◦ •
①①①①①①①
❋❋
❋❋
❋❋
❋
◦
where j ≥ 0. Then the next contraction gives us a configuration which is
not a simple normal crossing divisor. The contradiction proves our claim.
Similar arguments show that nk = nk−1 = 2 and k = 2, i.e. we get the case
(II). 
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Proof of Theorem 1.1 in the case 7.3(A). If all the fibers are smooth, then
by Lemma 8.3 we have the case 1o. If there exist a fiber of type (Ik) with
k > 2, then I > 2 and by Theorem 1.2 we have cases 5o, 6o, 7o. If all the
fibers are of types (I2) or (II), then I = 2 and we have cases 2
o, 3o, 4o. The
computation of K2X follows from (6.1.1) and (3.10.7). 
9. Proof of Theorem 1.1: Birational contractions
9.1. In this section we assume that X˜ has no dominant morphism to a curve
(case 7.3(B)). It will we shown that this case does not occur.
Run the KX˜ -MMP on X˜ . Since −KX˜ is big, on the last step we get a
Mori fiber space X¯ → T and by our assumption T cannot be a curve. Hence
T is a point and X¯ is a del Pezzo surface with ρ(X¯) = 1. Moreover, the
singularities of X¯ are log terminal and so X¯ 6≃ X . Thus we get the following
diagram
X˜
σ
yyss
ss
ss ν
%%❑
❑❑
❑❑
❑
X //❴❴❴❴❴❴❴ X¯
Put C¯ := ν∗C˜ and C¯i := ν∗C˜i. By (7.3.3) we have
(9.1.1) KX¯ +
∑
miC¯i + D¯ ∼ 0, mi ≥ 2.
Since ρ(X) = ρ(X¯) and C˜ is the σ-exceptional divisor, the whole C˜ cannot
be contracted by ν.
9.2. Lemma. Any fiber ν−1(P¯ ) of positive dimension meets C˜.
Proof. Since X¯ is normal, ν−1(P¯ ) is a connected contractible effective divi-
sor. Since all the components of C˜ are KX˜-non-negative, ν
−1(P¯ ) 6⊂ C˜. Since
ρ(X) = 1, we have ν−1(P¯ ) ∩ C˜ 6= ∅. 
9.3. Lemma. If ν is not an isomorphism over P¯ , then (X¯, C¯) is plt at P¯ .
In particular, C¯ is smooth at P¯ .
Proof. Since KX˜+C˜+Θ˜ ≡ 0, the pair (X¯, C¯+Θ¯) is lc. By the above lemma
there exists a component E˜ of ν−1(P¯ ) meeting C˜. By Kodaira’s lemma the
divisor Θ˜ −
∑
αiC˜i is ample for some αi > 0. Hence E˜ meets Θ˜ and so
Supp(Θ¯) contains P¯ . Therefore, (X¯, C¯) is plt at P¯ . 
9.3.1. Corollary. (X¯, C¯) is dlt.
9.4. Lemma. (i) C¯ is an irreducible smooth rational curve;
(ii) X¯ has at most two singular points on C¯;
(iii) the singularities of X are rational (see also [Fuj95, Corollary 1.9]).
Proof. (i) Let C¯1 ⊂ C¯ be any component meeting D¯ and let C¯
′ := C¯ − C¯1.
Assume that C¯ ′ 6= 0. By 9.3.1 any point P¯ ∈ C¯1 ∩ C¯
′ is a smooth point
of X¯ . Hence DiffC¯1(C¯
′) contains P¯ with positive integral coefficient and
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degDiffC¯1(D¯ + C¯
′) ≥ 2 because Supp(D¯) ∩ C¯ 6= ∅. On the other hand,
−(KX¯+C¯+D¯) is ample by (9.1.1). Thus contradicts the adjunction formula.
Thus C¯ is irreducible. Again by the adjunction
degKC¯ + degDiffC¯(0) < 0.
Hence, pa(C¯) = 0.
(ii) Assume that X¯ is singular at P¯1, . . . , P¯N ∈ C¯. Write
DiffC¯(0) =
N∑
i=1
(
1− 1
bi
)
P¯i
for some bi ≥ 2. The coefficient of DiffC¯(D¯) at points of the intersection
Supp(D¯) ∩ C¯ is at least 1. Since Supp(D¯) ∩ C¯ 6= ∅, we have N ≤ 2.
(iii) If (X ∋ o) is a non-rational singularity, then pa(C˜) = 1 and X˜ is
smooth along C˜. Hence pa(C¯) ≥ 1. This contradicts (i). 
9.5. Lemma. Let ϕ : S → S ′ be a birational Mori contraction of surfaces
with log terminal singularities and let E ⊂ S be the exceptional divisor.
Then −KS · E ≤ 1 and the equality holds if and only if the singularities of
S along E are at worst Du Val.
Proof. Let ψ : Smin → S be the minimal resolution and let E˜ ⊂ Smin be
the proper transform of E. Write KSmin = ψ
∗KS −∆. Since KSmin · ψ
∗E <
0, the divisor KSmin is not nef over Z. Hence, KSmin · E˜ = −1 and so
−KS · E + E˜ ·∆ = 1. 
9.6. Lemma. Let ν ′ : X˜ → X ′ be the first extremal contraction in ν and let
E˜ be its exceptional divisor. Then E˜ 6⊂ C˜. Moreover, E˜ ∩ C˜ is a singular
point of X˜ and smooth point of C˜.
Proof. Since ρ(X) = 1, E˜ ∩ C˜ 6= ∅. Since KX˜ is σ-nef, E˜ 6⊂ C˜. Since C¯ is
a smooth rational curve, E˜ meets C˜ at a single point, say P˜ . Further, σ(E˜)
meets Supp(Θ) outside o. Hence, Θ˜ · E˜ > 0. By Lemma 9.5 KX˜ · E˜ ≥ −1.
Since KX˜ + C˜ + Θ˜ ≡ 0, we have C˜ · E˜ < 1. Hence C˜ ∩ E˜ is a singular point
of X˜ . Since (X˜, C˜) is dlt, C˜ ∩ E˜ is a smooth point of C˜ (see e.g. [Kol92,
16.6]). 
9.7. Proposition. ρ(X˜) = 2 and C˜ is irreducible. Moreover, X¯ has exactly
two singular points on C¯ and I > 2.
Proof. Assume the converse, i.e. C˜ is reducible. By Lemma 9.4 the curve C¯
is irreducible. Let s be the number of components of C˜. So, ρ(X˜) = s + 1.
Hence ν contracts s − 1 components of C˜ and exactly one divisor, say E˜
such that E˜ 6⊂ C˜. By Lemma 9.6 the curve E˜ is contracted on the first
step. Note that C˜ is a chain C˜1 + · · ·+ C˜s, where both C˜1 and C˜s contain
two points of type A1 and the middle curves C˜2,. . . , C˜s−1 are contained in
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the smooth locus. By Lemma 9.6 we may assume that E˜ meets C˜1. Then ν
contracts C˜1,. . . , C˜s−1. However C˜s contains two points of type A1 and it is
not contracted. Thus X¯ has two singular points of type A1 on C¯. Again by
Lemma 9.4 the surface X¯ has no other singular points on C¯. In particular,
2C¯ is Cartier, X¯ has only singularities of type T, and K2
X¯
is an integer.
On the other hand, we have −KX¯ = mC¯ + D¯, m ≥ 2. By the adjunction
formula
−1 = deg(KC¯ +DiffC¯(0)) = (KX¯ + C¯) · C¯ = −D¯ · C¯ − (m− 1)C¯
2.
This gives us D¯ · C¯ = C¯2 = 1/2, m = 2, and K2
X¯
= 9/2, a contradiction.
Finally, by Lemmas 9.4 and 9.6 the surface X˜ (resp. X¯) has exactly three
(resp. two) singular points on C˜. 
By Theorem 1.2 the surface X¯ has at least one non-Du Val singularity
lying on C¯. Thus Theorem 1.1 is implied by the following.
9.8. Proposition. X¯ has only Du Val singularities on C¯.
Proof. Assume that the singularities of X¯ at points lying on C¯ are of types
1
n1
(1, 1) and 1
n2
(1, 1) with n1 ≥ n2 and n1 > 2. In this case near C¯ the divisor
H := −(KX¯ + 2C¯) is Cartier. By the adjunction formula
KC¯ +DiffC¯(0) = (KX¯ + C¯)|C¯ = −(H + C¯)|C¯
Hence,
deg DiffC¯(0) < 2−H · C¯ ≤ 1.
In particular, X¯ has at most one singular point on C¯, a contradiction. 
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